ABSTRACT. Functions/, analytic and univalent in the unit disc, and such that all successive derivatives ƒ (k) are univalent in this disc, are necessarily transcendental entire functions of exponential type. These functions, and functions ƒ having an infinite number of derivatives ƒ(»*) univalent in the unit disc, are discussed. Entire functions of bounded index are of exponential type and their properties are also discussed.
Introduction. Let f(z)
Re(a/\z)) > 0, zeD, for some complex number a, \a\ = 1, then ƒ is univalent in D. This follows immediately from the following integral expression ( Z 2~ Z \ J Jo Another criterion for univalence of ƒ ( [62] ; see also [29] ) is as follows. Let be the Schwarzian derivative of w = f{z) with respect to z. In order that w = ƒ (z) be univalent in D it is necessary that 
This function K a (Koebe function) maps D on the whole plane slit radially from w = -\e~i CL to infinity. It is extremal not only for a 2 but also for a number of other problems. Since \a n \ = n, n = 2,3,... for this function K a , it was conjectured that, for/e 5, (3.4) \a n \ g w, n = 2,3,..., with equality only for the Koebe function. This conjecture, called the Bieberbach conjecture, was proved for n = 3 by Loewner [58] in 1923, for n = 4 by Charzynski and Schiffer ( [18] ; see also [30] ) in 1960, and for n = 6 by Pederson [66] in 1968 and Ozawa [64] in 1969 independently of each other. Garabedian and Schiffer [31] proved that (3.4) holds for a function ƒ G S which is "close enough" to the Koebe function and Aharonov has shown (3.4) to hold if \a 2 \ < 0.867 ( [1] ; see also [9] 
IffeK then |a"| g 1. If/eS* then |a M | ^ n. A third subclass of functions is the class of close-to-convex functions introduced by Kaplan [46] . A function ƒ e S is close-to-convex if and only if [73] . We list some recent papers in the bibliography at the end and refer to an exhaustive bibliography by Bernardi [4] , for books and periodical literature up to 1965.
5.
Functions with univalent derivatives. Let feS and let E denote the subclass
If feE then ƒ must be a transcendental entire function of exponential type, that is, To prove this we note that if/e £ then a n+l ^ 0.
Then F"eE and we have
. This implies that ƒ is entire and satisfies (5.3). Since \a\ -a 3 
This implies the right-hand inequality in (5.4). To complete the proof of (5.4) we observe that </>(z) = (exp(rcz) -l)/neE and a 2 for this function is n/2. We note here that the property of uni valence is only one of the properties which forces ƒ to be entire. Consider a property (A) which a function analytic in D is able to possess. We say that (A) is an admissible property provided the following hold: 
From (6.1) it is easy to show that if n k + x -n k = o(log k) then R = oo and ƒ is entire. If n k+1 -n k = 0(1) then ƒ is of exponential type. A more general result of this type is as follows. Let </>(x) and 9(x) be two slowly oscillating functions (see [86] and the references given there) and If l^-i/aj is ultimately a nondecreasing sequence, then
Thus (a) if/ is a transcendental entire function then lim sup"^0 0 np n = oo, and (b) if lim w^00 np n = oo, then/ is a transcendental entire function. (See also [85, Theorem 3] .) The converse of (a) is false. There exists a function ƒ analytic in the unit disc and in no larger disc \z\ < JR, where R > 1, such that lim sup np n = oo. 
We give improved versions of these theorems. Let us denote by v(r) (0 < r < + oo) the central index of the series f(z) = ]T a n z n for \z\ = r. Then 
k-*oo
Then X ^ AX [93] and (8.5) and (8.6) give more information than Theorem B. If we suppose now that A ^ 1 but AX < 1 then X < 1, b -0 and (8.7) implies that lim sup,,.^ p n = oo. Thus Theorems A and C hold for every function/, of any finite order A and of the form (8.10) with gaps satisfying the condition (8.11) and AX < 1.
If/(z) = Y^ ci n z n and \aja n+l \ is ultimately a nondecreasing function of n, tending to oo, then ƒ is entire and [85] 9. Whittaker constant. Consider again Theorem A and let a be the least upper bound of all numbers which can replace log 2 in Theorem A. Read [71] has shown that a ^ 0.7259. Let W be the least upper bound of numbers which can replace log 2 in Theorem C. This number is called the Whittaker constant. It is known that (see [71] , [11] and the references given there) 0.7259 ^ W < 0.7378 but the exact value is unknown. Recently Buckholtz [11] has shown that a = W.
A simple example of a function ƒ of order one such that each of/ ƒ', ƒ ",... has a zero in the closed disc \z\ ^ 1 is f(z) = sin(n;z/4) -COS(7ÜZ/4).
S. M. SHAH [March
There exist extremal functions for this problem. In fact Evgrafov (see [11] ) has shown that there is an entire function ƒ of exponential type W such that each of ƒ,ƒ',ƒ",... has a zero in the disc \z\ ^ 1. Mention must be made here of a related result due to Erdös and Renyi [26] . Let ƒ be entire and denote by x = H(y) the inverse function of y = log M(x). Then
liminf-V<
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Functions in E. (i)
Consider first a function ƒ defined by the power series (2.1) and suppose that a n =/ = 0, n\(aJa n -{)\ ^ log 2 for n = 2, 3, • • •. Then ƒ is entire and it can be shown that (f(z) -a 0 )/a 1 e E.
(ii) We now consider functions with all zeros on a ray. Let Q denote the family of transcendental entire functions ƒ of the form m+îuJ-T^i-
This result implies that E n Q = S n Q and that ƒ G E n Q if and only if (10.2) holds.
(For the univalence of an entire function of any order see [61] .) (iii) If all zeros of/ do not lie on a ray then some derivative ƒ ', ƒ ",... may have zeros in the unit disc (e.g., ƒ (z) = sm(nz/2)/(n/2)) and then ƒ will not belong to E. If however ƒ is of genus zero, and/(0) = 0,f'(0) = 1, and the zeros are widely spaced, then ƒ G E. We shall say that a function ƒ has "fourly-spaced" zeros if 12. Entire functions of bounded index. Let f(z) = X^o^«( z ~ a T be an entire function. Since the coefficients tend to zero, there exists a smallest integer N a^0 such that \A Na | ^ \A n \ for all n. If the integers N a are all bounded above then ƒ is said to be of bounded index and the smallest integer AT, such that for all numbers a, N a ^ N, is called the index of/(cf., [55] , [36] ). This is equivalent to the definition given in §1. As we pointed out a function of bounded index N is of exponential type not exceeding N + 1. This result is sharp [76] . The asymptotic properties of log M(r,/) do not help to prove the boundedness (or the unboundedness) of the index, except that if T* = oo then ƒ G CB (the class of entire functions of unbounded index). In fact if F is any transcendental entire function then there are two entire functions g e CB [70] and ƒ G CE (the class of entire functions not belonging to E) such that log M(r, g) -log M(r, F) ~ log M(rJ).
For/we simply take ƒ (z) = F(z) -F'(0)z 2 /2!. We mentioned in §11 that there exist functions ƒ and g in S such that ( ƒ + g)/2 is not in S. Pugh [69] showed that the sum of two functions each in B, need not be in B. Furthermore each P ik \ k = 0,1,2,..., is of index 1. Consider now functions with real zeros a n . Suppose a x > 0, a n+l -a n ^ b n (n ^ 1) where the sequence {b n }f is positive and nondecreasing and X7 l/nb H < oo. Then [82] , . We can consider entire functions ƒ satisfying conditions similar to (1.1) and obtain the conclusion that ƒ must be of exponential type [37] , [83] . Then d is a metric and (T, d) is a complete metric space [43] . Let
We consider B = (j£°= 0 #* as a subspace of (T, d). It can be shown that [25] B n is nowhere dense in B and thus B is of the first category.
14. Some applications to summability methods. Let ƒ be entire and {z f }?i 0 a sequence of complex numbers. We define the matrix trans- Define a sequence {a"}o to be entire if f(z) = £^ a n z n is an entire function. An entire sequence {a"}o is said to be a sequence of bounded index if ƒ (z) = £^ a n z n e B. We denote by s the set of all entire sequences and by M the set of all entire sequences of bounded index. An infinite matrix A = (a ntk ) of complex numbers which transforms e into s is said to be an s-s method (entire method).
II [27] . 
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The condition that ƒ e B is essential in III. We now define the /-/ method. Let s be the set of all sequences of complex numbers. Let there exists an entire function feE such that log M(r, (j>) ~ log M(r 9 f) (r -> oo). CONJECTURE 2. If </> is any entire function of exponential type, there exists an entire function ƒ e B such that log M(r, (j>) ~ log M(r,f) (r -» oo).
For some theorems of this type, but not connected with E or J5, see [22] , [19] , [20] . In the following problems 1-4, ƒ e £.
